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 Roots of Polynomials Modulo Prime Powers
 B RUCE D EARDEN  AND J ERRY M ETZGER
 In general , not every set of values modulo  n  will be the set of roots modulo  n  of some
 polynomial . In this note , some characteristics of those sets which are root sets modulo a prime
 power are developed , and these characteristics are used to determine the number of dif ferent
 sets of integers which are root sets of polynomials modulo some prime powers .
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 1 .  I NTRODUCTION
 To say that  R  is a root set modulo  n  means that  R  is a subset of  Z n , the ring of
 integers modulo  n , and there is a polynomial the roots of which modulo  n  are exactly
 the elements of  R .  Note that  [  and  Z n  are always root sets modulo  n .
 It seems that only two papers have appeared which mention the nature of root sets
 modulo  n , and then only at a very basic level : Sierpin ´  ski [3] and Chojnacka-Pniewska
 [1] noted that not every subset of  Z 6 is a root set modulo 6 . Of course , for a prime  p ,
 every subset of  Z p  is a root set modulo  p , but , in general , it appears that the property
 of being a root set modulo  n  is rare . The theorems of the next section provide tools
 that permit the ef ficient computation of the number of root sets modulo a prime power .
 Throughout this note ,  p  is a prime and  k  is a positive integer .
 For an integer  j  and an integer  m  >  1 , j m ,  read  j  to the  m  falling , is defined by
 j m  5  j (  j  2  1)(  j  2  2)  ?  ?  ?  (  j  2  m  1  1) .
 Also  j 0 I is defined to be 1 .
 For an integer  n  >  1 , and a prime  p ,  ¨  p ( n ) will denote the highest power of  p  that
 divides  n .  It is well known (see Graham , Knuth and Patashnik [2] , for example) , that
 for  an  integer  n  >  1 ,  ¨  p ( n !)  5  o i > 1
   n p i    .  Finally ,  ¨  p (0)  is  taken  to  be  1 `  .
 L EMMA 1 .  For integers j ,  m  >  0 ,  ¨  p (  j m )  >  ¨  p ( m !) .
 P ROOF .  For 0  <  j  ,  m , j m  5  0 ,  and the inequality is clear .
 For  j  >  m ,
 ¨  p (  j
 m )  5  ¨  p S  j ! (  j  2  m )! D
 5  ¨  p (  j !)  2  ¨  p ((  j  2  m )!)
 5  O
 i > 1
 S
   j p i    2    j  2  m p i   D
 >  O
 i > 1
   m p i    (since   a  1  b   >   a   1   b  )
 5  ¨  p ( m !) .  h
 L EMMA 2 .  If j ( m !)  ;  0(mod  p k ) , then , for e y  ery t  P  Z p k , j ( t m )  ;  0(mod  p k ) .
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 P ROOF .  For 0  <  t  ,  m , j ( t m )  5  0 , and so certainly  j ( t m )  ;  0(mod  p k ) in that case . On
 the other hand , if  t  >  m , then , by Lemma 1 ,  ¨  p (  j ( t m ))  >  ¨  p (  j ( m !)) .  By hypothesis , the
 last quantity is at least  k ,  and so  j ( t m )  ;  0(mod  p k ) .  h
 2 .  T HE M AIN R ESULTS
 T HEOREM 1 .  Let R be a root set modulo p k . For each j  5  0 ,  1 ,  2 ,  .  .  .  ,  p  2  1 , there is a
 polynomial f j the root set modulo p
 k of which is exactly R j  5  h r  P  R  3  r  ;  j (mod  p ) j .
 P ROOF .  For each 0  <  j  <  p  2  1 ,  form two polynomials by splitting the factors ,
 ( x  2  t ) ,  of  x p
 k
  into two groups :  K j ( x ) is the product of those factor for which
 t  ;  j (mod  p ) ,  and  L j ( x ) is the product of those factors for which  t  ò  j (mod  p ) . Note that
 for  r  ;  j (mod  p ) , K j ( r )  ;  0(mod  p k ) and  L j ( r ) is not a zero divisor modulo  p k , while if
 r  ò  j (mod  p k ) ,  then  K j ( r ) is not a zero divisor modulo  p k  and  L j ( r )  ;  0(mod  p k ) .
 Now , let  f  be any polynomial with root set  R  modulo  p k , and define  f j ( x )  5
 L j ( x ) f  ( x )  1  K j ( x ) .  For  r  ò  j (mod  p ) ,  we have  f j ( r )  ;  K j ( r )  ò  0(mod  p k ) .  And for
 r  ;  j (mod  p ) ,  we have  f j ( r )  ;  0 (mod  p k ) if f  L j ( r ) f  ( r )  ;  0 (mod  p k ) .  Since  L j ( r ) is not a
 zero divisor modulo  p k , we see that the root set of  f j  is exactly  R j .  h
 Theorem 1 says when a root set modulo  p k  is decomposed into  p  segments , each of a
 fixed value modulo  p , then each segment is itself a root set modulo  p k .  The next
 theorem shows that such segments can always be reassembled into a root set modulo
 p k .
 T HEOREM 2 .  Let R 0  ,  R 1  ,  R 2  ,  .  .  .  ,  R p 2 1  be a collection of root sets modulo p
 k such
 that for  0  <  j  <  p  2  1 , the elements of R j are all congruent to j modulo p . Then
 R 0  <  R 1  <  R 2  <  ?  ?  ?  <  R p 2 1 is a root set modulo p
 k .
 P ROOF .  For each  j  5  0 ,  1 ,  .  .  .  ,  p  2  1 ,  let  f j  be a polynomial with root set  R j  modulo
 p k .  Using the polynomials  L j ( x ) defined in the proof of Theorem 1 , let
 f  ( x )  5  O
 0 < j , p
 L j ( x ) f j ( x ) .
 Note that if  r  P  Z p k  and  r  ;  t (mod  p ) ,  then
 f  ( r )  ;  O
 0 < j , p
 L j ( r ) f j ( r )  ;  L t ( r ) f t ( r )(mod  p k ) ,
 since  L j ( r )  5  0 if  j  ò  t (mod  p ) .  It follows that if  r  is a root of  f  ( x ) modulo  p k , then
 f t ( r )  ;  0(mod  p k ) ,  since  L t ( r ) is not a zero divisor modulo  p k . Thus every root of  f
 modulo  p k  appears among the roots of the  f 0  ,  f 1  ,  . . . ,  f p 2 1 modulo  p
 k .  Conversely , if  r  is a
 root of some  f j , then it is also a root of  f .  h
 For  S  Ô  Z n  and  j  P  Z n , the notation  j  1  S  will mean  h  j  1  s  3  s  P  S j .  If  S  5  [ ,  then
 j  1  S  5  [ .  Since  r  is a root modulo  n  of  f  ( x ) if f  r  1  j  is a root of  f  ( x  2  j ) modulo  n , the
 following theorem is evident .
 T HEOREM 3 .  If R is a root set modulo n , then , for e y  ery j  P  Z n ,  j  1  R is also a root set
 modulo n .  h
 C OROLLARY .  R is a root set modulo p k if f R can be written in the form R  5  (0  1  S 0 )  <
 (1  1  S 1 )  <  (2  1  S 2 )  <  ?  ?  ?  <  ((  p  2  1)  1  S p 2 1 ) , where each S j is a root set modulo p
 k
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 containing only integers congruent to  0  modulo p .  ( Note that some of the S j ’s  might be
 empty . )
 P ROOF .  Suppose that  R  is a root set modulo  p k .  By Theorem 1 ,  R  5  R 0  <  R 1  <
 ?  ?  ?  <  R p 2 1 , where the elements of each  R j  are congruent to  j  modulo  p .  Let
 S j  5  ( 2 j )  1  R j  for  j  5  0 ,  1 ,  .  .  .  ,  p  2  1 ,  so that  R j  5  j  1  S j  .  Then , by Theorem 3 ,  S j  is a
 root set modulo  p k  for each  j  5  0 ,  1 ,  .  .  .  ,  p  2  1 ,  and , moreover , every element of  S j  is
 congruent to 0 modulo  p .  Conversely , if , for each  j  5  0 ,  1 ,  .  .  .  ,  p  2  1 , S j  is a root set
 modulo  p k  containing only integers congruent to 0 modulo  p , then , by Theorems 2 and
 3 ,  R  5  (0  1  S 0 )  <  (1  1  S 1 )  <  ?  ?  ?  <  ((  p  2  1)  1  S p 2 1 ) is a root set modulo  p k .  h
 The following is an immediate consequence of the previous corollary .
 C OROLLARY .  Let N p k be the number of root sets modulo p k which contain only
 multiples of p . Then the total number of dif ferent root sets modulo p k is N p p k , a perfect p
 t h
 power .
 To count the number of distinct root sets modulo  p k , we need only count the number
 of root sets modulo  p k  containing only multiples of  p .  The following theorems make
 feasible a computer search for such root sets , and hence the determination of specific
 values of  N p k .  Let  d p k  be the smallest positive integer  d  such that  p
 k  divides  d ! .  Note
 that  d p k  will always be a multiple of  p .
 T HEOREM 4 .  If R is a root set modulo p k , then there is a polynomial with degree less
 than d p k with root set exactly R .
 P ROOF .  Let  K ( x )  5  x  d p k  .  For  j  P  Z p k  ,  Lemma 1 shows  ¨  p ( K (  j ))  5  ¨  p (  j  d p k )  >  ¨  p ( d p k !) ,
 and that last quantity is at least  k  by the definition of  d p k . Thus  K ( x )  ;  0(mod  p k ) for
 all  x  P  Z p k  .  Now , let  f  let a polynomial with root set  R  modulo  p k .  Write  f  as
 f  ( x )  5  q ( x ) K ( x )  1  r ( x ) ,  where either the degree of  r ( x ) is less than  d p k ,  or  r ( x ) is
 identically 0 . Since  K ( x ) is identically 0 modulo  p k ,  it follows that  f  ( x )  ;  r ( x ) (mod  p k ) ,
 for all  x  P  Z p k ,  and thus the root set of  r ( x ) is  R .  h
 There is a root set modulo  p k  produced by a polynomial of degree  d p k  2  1 , but by no
 polynomial of smaller degree , so when searching for root sets modulo  p k , the bound of
 Theorem 4 cannot be reduced .
 E XAMPLE .  Let  m  5  d p k  2  1 , and consider  h ( x )  5  x m I  .  Then  h (  j )  5  0 for  j  5
 0 ,  1 ,  .  .  .  ,  m  2  1 ,  while  h ( m )  5  m !  ò  0(mod  p k ) by the definition of  d p k . Suppose that
 f  ( x )  is any polynomial of degree less than  m  such that  f  (  j )  ;  0(mod  p k ) for every
 j  5  0 ,  1 ,  .  .  .  ,  m  2  1 . By the division algorithm , we may write  f  ( x ) in the form
 f  ( x )  5  a 0  1  a 1 x
 1 I  1  a 2 x
 2 I  1  ?  ?  ?  1  a m 2 1 x
 m  2  1  .
 By successively considering  f  (0) ,  f  (1) ,  .  .  .  ,  f  ( m  2  1)  ;  0(mod  p k ) ,  while applying
 Lemma 2 , we see that  f  ( x ) is identically 0 modulo  p k .  In particular ,  f  ( m )  ;  0(mod  p k ) .
 Hence , no polynomial of degree less than  m  has the same root set as  h ( x ) modulo
 p k .  h
 T HEOREM 5 .  If R is a root set modulo p k which contains only multiples of p , then
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 there is a polynomial with degree less than d p k  / p the set of roots of which congruent to  0
 modulo p is R .
 P ROOF .  Let  m  5  d p k  / p  and let  K ( x )  5  p 0 < l , m  ( x  2  pl ) .  If  t  ò  0(mod  p ) ,  then  K ( t ) is
 not a zero divisor modulo  p k . Note that if  d  5  pe ,  then  ¨  p ( d !)  5  ¨  p (  p e ( e !))  5  e  1  ¨  p ( e !) .
 Hence , for  j  >  0 ,
 ¨  p ( K (  pj  1  d p k ))  5  ¨  p S p m  (  j  1  m )! j !  D
 >  m  1  ¨  p ( m !)
 5  ¨  p ( d p k !)
 >  k .
 Thus it follows that  K ( t )  ;  0(mod  p k ) ,  for every  t  ;  0(mod  p ) . Now any polynomial  f
 can be written as  f  ( x )  5  q ( x ) K ( x )  1  r ( x ) ,  where  r ( x )  5  0 or  r ( x ) has degree less than
 m .  It follows that , for every  t  ;  0(mod  p ) , f  ( t )  ;  r ( t )(mod  p k ) .  Hence , the roots of  f
 which are congruent to 0 modulo  p  coincide with the roots of  r ( x ) that are congruent to
 0 modulo  p .  h
 T HEOREM 6 .  If R  ?  [  is a root set modulo p k which contains only multiples of p , and
 j  P  R , then  ( 2 j )  1  R is a root set modulo p k containing  0  and only multiples of p .
 P ROOF .  Modulo  p k ,  if  f  ( x ) has root set  R ,  then  g ( x )  5  f  ( x  1  j ) has root set
 S  5  ( 2 j )  1  R .  Since the dif ference of multiples of  p  is a multiple of  p ,  and since
 ( 2 j )  1  j  5  0  P  S ,  we are done .  h
 Thus the non-empty root sets containing only multiples of  p  are all the possible
 translates by multiples of  p  of the root sets containing 0 and only multiples of  p .  The
 next theorem allows us to count the number of such translates .
 T HEOREM 7 .  Let R be a root set modulo p k containing  0  and only multiples of p . Let
 T  5  h t  P  Z  3  t  1  R  5  R j ,  and let  t 0  be the smallest positi y  e integer in T . Then t 0  5  p e for
 some e  <  k and R will ha y  e p e distinct translates .
 P ROOF .  T  is an ideal in  Z , and  p k  P  T .  Since every non-zero ideal in  Z  is generated
 by its smallest positive member , letting the smallest positive element of  T  be  t 0 , we
 have  T  5  ( t 0 ) .  Since  p
 k  P  T ,  it follows that  t 0 divides  p
 k , and thus  t 0  5  p e  for some  e  <  k .
 Thus  R  is periodic with minimum period  t 0  .  Hence there are exactly  t 0 distinct
 translates of  R .  h
 The final theorem shows the coef ficients of a polynomial can be reduced in certain
 ways without changing the root set .
 T HEOREM 8 .  E y  ery root set modulo p k containing  0  and only multiples of p is
 produced by a polynomial
 f  ( x )  5  a 0  1  a 1 x  1  a 2 x ( x  2  p )  1  a 3 x ( x  2  p )( x  2  2 p )  1  ?  ?  ?
 1  a m x ( x  2  p )( x  2  2 p )  ?  ?  ?  ( x  2  ( m  2  1) p ) ,
 where m  5  d p k  / p  2  1 , a 0  5  0 , a 1  5  0 ,  1 ,  p ,  p 2 ,  .  .  .  ,  p k 2 1  and , for j  5  2 ,  3 ,  .  .  .  ,  m ,  0  <  a j  ,
 p k 2 e j , where e j  5  ¨  p ((  pj )!) .
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 P ROOF .  Let  R  be a root set modulo  p k  containing 0 and only multiples of  p .  By
 Theorem 5 , there is a polynomial  f  ( x ) of degree no more than  m  such that  r  P  R  if f
 r  ;  0(mod  p )  and  f  ( r )  ;  0(mod  p k ) .  By the division algorithm ,  f  ( x ) may be expressed
 in the form given in the statement of the theorem . Since 0  P  R ,  we have
 a 0  ;  0(mod  p k ) .  Next , if  a 1 is written in the form  p t s  with  p  not dividing  s ,  then  s  will
 have a multiplicative inverse ,  s 2 1 ,  modulo  p k  and  s 2 1 f  ( x ) has the same roots as  f  ( x )
 modulo  p k .  It follows that only the values 0 ,  1 ,  p ,  .  .  .  ,  p k 2 1 need be considered for the
 coef ficient  a 1  .  Finally , for each  x  P  Z p k  ,  ¨  p ( x ( x  2  p )  ?  ?  ?  ( x  2  (  j  2  1) p ))  >  ¨  p ((  pj )(  pj  2
 p )  ?  ?  ?  (  p ))  5  ¨  p ((  pj )!)  5  e j  .  Hence ( a j  1  p k 2 e j l ) x ( x  2  p )  ?  ?  ?  ( x  2  (  j  2  1) p )  ;  a j x ( x  2
 p )  ?  ?  ?  ( x  2  (  j  2  1) p )  (mod  p k ) .  It follows that we may reduce  a j  modulo  p
 k 2 e j  without
 changing the root set modulo  p k  of the polynomial .  h
 3 .  N UMERICAL R ESULTS
 Based on the theorems of the last section , only a small portion of all possible
 polynomials modulo  p k  need be solved to determine the total number of root sets
 modulo  p k . In particular , only the number of root sets modulo  p k  containing only
 multiples of  p —that is ,  N p k —needs to be determined . At least for small values of  p  and
 k ,  these can be found by a computer search . The polynomials are generated , and the
 root sets consisting of 0 and multiples of  p  are recorded . Each such root set discovered
 is compared to a list of such root sets already computed and to their translates . A
 program to implement this search was written by Stroth [4] . In each case , the total
 number of root sets modulo  p k  is given by  N p p k .
 The values of  N p k  for some small values of  p  and  k  are presented in Table 1 . Some of
 the entries in the table are easy to understand . For example , modulo  p ,  h 0 j  is the only
 root set containing 0 and multiples of  p .  Hence  h 0 j  and the empty root set are the only
 two basic root sets modulo  p .  Consequently , the first column in the table will be all 2’s .
 As for the second column , recall that if  t  is a root of a polynomial modulo  p ,  then  t
 yields either no roots modulo  p 2 ,  or a single root  t  1  kp  modulo  p 2 ( k  5  0 ,  1 ,  .  .  .  ,  p  2  1) ,
 or else the roots  h t  1  kp  3  k  5  0 ,  1 ,  .  .  .  ,  p  2  1 j  modulo  p 2 .  As  h 0 j  is the only non-empty
 root set modulo  p  made up of 0 and multiples of  p ,  it follows that there are  p  1  2 root
 sets modulo  p 2 containing only 0 and multiples of  p .  Thus  N p 2  5  p  1  2 ,  and so there are
 (  p  1  2) p  root sets modulo  p 2 .  Somewhat more complicated reasoning explains the third
 column .
 T ABLE 1 .  A small table of  N p k  values .
 k
 p
 1  2  3  4  5  6  7  8  9  10  11
 2
 3
 5
 7
 11
 13
 17
 19
 23
 29
 2
 2
 2
 2
 2
 2
 2
 2
 2
 2
 4
 5
 7
 9
 13
 15
 19
 21
 25
 31
 8
 17
 42
 79
 189
 262
 444
 553
 807
 1  278
 20
 71
 427
 1  486
 8  340
 15  927
 45  341
 70  112
 148  582
 370  767
 56
 449
 8  707
 66  740
 184
 4  040
 336  957
 6  825  968
 632
 51  353
 2  752  13  464  80  840  577  000
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